The results of high density expansion for the isothermal compressibilities of the two and three dimensional hard sphere systems are shown and comparisons between the results and those derived from other theories are made. Equation of state obtained by the isothermal compressibility is also shown in each dimension.
In previous papers (referred to as I, II and III), a new approach to hard sphere system in equilibrium was proposed and some thermodynamical properties of the two and three dimensional hard sphere systems were studied. 1 l -sl In the present short note high density expansion for the isothermal compressibility Kr derived in II and III is carried out and characteristic features of the theory in high density state are shown by comparing the results of the expansion with those derived from other theories.
Let r; c be the packing fraction at the close packing state: then r; c = 7r v'3/6 for the two dimensional system (abbreviated to 2-d) and r; c = 7r v'Z/6 for the three (3-d).
Deviation of the packing fraction r; from the 'f/c is introduced by the definition,
In the following, expansion will be carried out with respect to the deviation E. In II and III, expressions of Kr of the two and three dimensional systems have been derived (cf., Eqs. (II. 2·22), (II. 3 ·1), (III. 2 ·13) and (III. 3 ·1)) As our main concern is to study the properties in the high density state, !Cr of the (-)-branch will be studied. As known from the above, coefficients of the leading term, a 0 , obtained from the isothermal compressibilities in II and III are the same as the ones derived from FV. This reflects the fact that the assumption of the cell model was adopted in deriving the probability density function for the vacancy-number.*) This agreement is not necessarily concluded from the more rigorous probability density function without using the above-mentioned assumption, but seems to be plausible, at least, in the first order approximation of the theory. The main difference between the theory proposed in I---... III and FV is the existence of the term with a coefficient a 1 • Because of this term isothermal compressibility derived in II and III is larger than that of FV.
Magnitude of the term is, however, still much smaller than that of the leading term in the range f <(I. These results are depicted in Fig. 1 . By integration of Eq. (2), the equation of state is given by and c is an integration constant unknown here in spite of its importance. As there lt must be emphasized that this assump· tion essentially differs from the standpoint of the usual cell theories of which free energy expression is directly connected with the model is no exact reference value for the equation of state in the (-)-branch,*> the following two methods of approximation are utilized to determine the constant. The one way is the use of appropriate other theories and the other is a comparison between the results and those of computer experiments. The latter one was adopted in II and III. Here we compare the results with those of Ogawa and Tanemura.7l They derived explicitly the equation of state in the high density limit without assuming the crystalline order a priori for the two dimensional hard disk system. Their result is shown, in our notation, as follows:
"Integration constant" c was explicitly derived in their theory. Further, comparing Eqs. (6) and (7), we notice one more term with a singularity at E=O in the case of Eqs. (6), i.e., ln E term which stems from the second one on the right-hand side of the expansion (2) . This term has a weaker singularity and much smaller magnitude than those of the leading term in the density range of the approximation. It contributes to the decrease of the pressure P, and therefore to the decrease of the de- *> In the (+)-branch, the point where pressure P vanishes in the rarefied limit of the density can he adopted as a reference one.
(7) is also shown in Fig. 1 (a) .
To summarize, we have obtained the explicit expressions for the quantities tcr and P obtained in II and III in the range E ~1 by the method of the high density expansion. We have clarified the similarities and/ or differences between the theory proposed in I---....III and those of FV 4 ' and Ogawa and Tanemura. 7 > The investigation on the improvement in the case when we adopt a more general expression of the probability density function for the vacancynumber is an interesting open problem. However, we will leave it as a future problem.
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